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1. Statement of results 
Let G be a finite group and let 
G=N,2N2a ... >N12N,+,=e (1.1) 
be a chief series of G. We shall be concerned with split abelian chief factors of G. 
Suppose that the chief factor Nj/Ni+ 1 is abelian. Then it obviously is an elementary 
abelian p-group for some prime p and hence can be regarded as a simple KG-module 
where k is the field of p elements. The (abelian) chief factor N/N;+ 1 is called split 
if the extension 
Ni/Ni+ I >-* G/Ni, I --)) G/N; (1.2) 
splits. Now let M be an arbitrary simple KG-module. We denote by s(G, M) the 
number of split chief factors in the chief series (1.1) which are isomorphic to M. It 
is a well-known fact that s(G, M) is independent of the choice of the chief series 
of G. (It is also an obvious consequence of our theorem which expresses s(G, M) 
in an invariant way.) A result, due to Gaschtitz, states that for p-solvable groups 
the number s(G, M) has a cohomological (or representation-theoretic) interpreta- 
tion (see for example [3, Ch. VII, 15.51). 
Let G be p-solvable. Then 
s(G, M) = dim, H’(G, M) where D = Endko M. 
In this paper we generalize this result to arbitrary finite groups. We denote by CM 
the centralizer of M in G, i.e., CM= {XE G lxm =m bin EM}. 
Theorem. Let G be a finite group and let M be a simple kc-module. Then 
s(G, M) = dimDH’(G, M) - dim, H’(G/CM, M) (1.3) 
where D = Endk, M. 
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In [5] the following theorem has been proved. 
The group G is p-solvable if and only if H’(G/CM, M) = 0 for all simple kG- 
modules M. 
Together with this, our theorem implies the following converse of Gaschiitz’s 
result. 
Corollary 1. The group G is p-solvable if and only if s(G, M) = dimD H’(G, M) for 
every simple kG-module M. 
In its modular representation-theoretic form (see Corollary 2) this result has also 
been obtained by Willems (see [6, Theorem 3.91). Let P(G) denote the projective 
cover of the trivial kc-module k, and let J be the Jacobson radical of kG. It is well- 
known that for any simple kG-module M the number dimD HI (G, M) equals the 
multiplicity f(G, M) of M in .P(G)/J’P(G). Thus we have 
Corollary 2. The group G isp-solvable if and only if t(G, M) = s(G, M) for all simple 
kG-modules M. 
We finally add 
Corollary 3. t(G, M) =s(G, M) - dim, H’(G/CM, M). 
With regard to H’(G/CM, M) we note that this group has recently received at- 
tention in a different context (see [l], [4]). As it has been shown in these papers, 
its computation can be reduced to a group G with a minimal normal subgroup &’ 
which is simple and such that G/N is solvable. 
Karl Gruenberg has informed me that he has independently obtained the results 
of this paper. I would like to take the opportunity to express my gratitude to Karl 
Gruenberg who introduced me many years ago to the cohomological facets of 
modular representation theory. Thanks are also due to Dominique Aron whose 
work in his diploma thesis led to a substantial improvement in the proof of the 
theorem. 
2. Proof of the theorem 
We argue by induction on the length of the chief series (1.1) of G. Clearly the last 
nontrivial term N, is a minimal normal subgroup of G. In order to simplify nota- 
tion set N= N[. We first suppose Nc CM. We consider the extension 
N+ G - G/N, (2.1) 
Split chief factors and cohomology 351 
the associated S-term sequence in cohomology with coefficients M (see [2, p. 202]), 




If we set A = coker (II* and B=coker p*, 
diagram with exact rows and columns. 
0 0 
(2.2) 
H’(G/CM, M) = H’(G/CM, M) 
we obtain the following commutative 
O+ H&N, M) ‘* 
+ 
-H1(G,M)-+HomG(N,M) ’ -H2(G/N, M) 
(2.3) 
0 0 
Note that all the maps are D-linear. In order to prove our result we have to show 
dim, A = s(G, M). By induction we know that dim, B = s(G/N, M). We obviously 
have to discuss the following two cases. 
(a) NzM. Then clearly s(G/N, M)=s(G, M). On the other hand we have 
dim, B = dim,A, since Homo (N, M) = 0. This proves the result in case (a). 
(b) NzM. If N is not a split chief factor, i.e., if the extension (2.1) does not split, 
we have s(G/N, M) =s(G, M). If N is a split chief factor, i.e., if the extension 
(2.1) splits, we have s(G, M) =s(G/N, M) + 1. On the other hand we have 
Horn, (N, M) = Horn, (N, N) = D. Moreover, A ( lN) # 0 if (2.1) does not split, and 
A (lN) = 0 if (2.1) splits (see [2, pp. 206 ffl). We thus obtain dim, B = dim, A if N 
is not a split chief factor, and dimD A = dim,B+ 1 if N is a split chief factor. This 
proves the result in case (b). 
We now have to consider the case where N is not contained in CM. In this case 
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M cannot be isomorphic to a factor of the chief series (1.1) of G. For from 
Ni/RI;+ i GM we would conclude Njc CM, which is a contradiction. By Jor- 
dan-Holder no chief series of G has a factor isomorphic to M. In particular we have 
s(G, M) = 0. It remains to prove that the right-hand side of (1.3) is trivial, too. For 
this we consider the extension 
a 
CM- G - G/CM 
and the associated 5-term sequence in cohomology with coefficients A4 
(2.3) 
O+ H’(G/CM, M) a* - H’(G, M) -+ Homo (CM, M) + H2(G/CM, M). (2.4) 
Suppose that a* is not an isomorphism. Then we have Homo (CM, M) 20. Thus 
there exists a normal subgroup Kc CM of G with CM/K=M; i.e., M would be 
isomorphic to a chief factor of G, which by the above is impossible. Hence a* is 
an isomorphism and the right-hand side of equation (1.3) is trivial. This completes 
the proof of our theorem. 
We note that the second part of the proof can be shortened by a few lines if one 
assumes the fact that s(G, M) is independent of the choice of the chief series. For 
then only the case CM=e has to be considered. - We conclude with the corollary. 
Corollary 4. s(G, M) = dim, (ker d : Homo (CM, M) + H2(G/CM, M)). 
The proof of this corollary is immediate, using the exact sequence (2.4). 
Note added in proof 
Only after submission of this paper I have become aware of the article by 
Aschbacher and Guralnick, “Some applications of the first cohomology group”, J. 
Algebra 90 (1984) 446-460. Using a completely group-theoretical approach the 
authors prove some results which are closely related to ours. (See in particular state- 
ment 2.10 of their paper.) 
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